Abstract. We provide the complete classification of seven-dimensional manifolds endowed with a closed non-parallel G2-structure and admitting a transitive reductive group G of automorphisms. In particular, we show that the center of G is one-dimensional and the manifold is the Riemannian product of a flat factor and a non-compact homogeneous six-dimensional manifold endowed with an invariant strictly symplectic half-flat SU(3)-structure.
Introduction
A closed G 2 -structure on a seven-dimensional manifold M is given by a definite 3-form ϕ satisfying the condition dϕ = 0. Closed G 2 -structures appeared in [9] as one of the sixteen natural classes of G 2 -structures, and 7-manifolds endowed with these structures provide a fruitful setting where to construct metrics with holonomy G 2 (see e.g. [2, 5, 11, 12, 14, 15, 19] ). However, very little is currently known about general properties of these manifolds, see for instance [2, 3] for curvature properties and [4, 6, 7, 8, 10, 16, 17, 18] for examples. In our previous work [22] , we investigated the properties of the automorphism group Aut(M, ϕ) := {f ∈ Diff(M) | f * ϕ = ϕ} when M is compact and the closed G 2 -structure ϕ is not parallel with respect to the Levi Civita connection of the corresponding Riemannian metric g ϕ . In particular, we proved that Aut(M, ϕ) has abelian Lie algebra with dimension bounded by min{6, b 2 (M )}. As a consequence, we obtained that there are no compact homogeneous 7-manifolds endowed with an invariant closed nonparallel G 2 -structure, i.e., admitting a transitive Lie subgroup G ⊆ Aut(M, ϕ). Moreover, we observed that non-compact homogeneous examples can be obtained, for instance, on the product of the circle (or the real line) with a non-compact homogeneous 6-manifold endowed with an invariant strictly symplectic half-flat SU(3)-structure (ω, ψ). In these examples, the G 2 -structure is given by ϕ = ω ∧ ds + ψ, where s is the coordinate on the one-dimensional factor, and the transitive Lie group is reductive, i.e., its Lie algebra is the direct sum of a semisimple and an abelian ideal. This naturally leads to the question whether these examples exhaust the class of such homogeneous manifolds when a reductive group of automorphisms acts transitively. In this note, we answer this question positively. More precisely, we prove the following result. Theorem 1.1. Let M be a seven-dimensional manifold endowed with a closed non-parallel G 2 -structure ϕ, and assume that there exists a transitive Lie subgroup G ⊆ Aut(M, ϕ). If G is reductive and acts irreducibly on M, then M is non-compact and i) the group G has one-dimensional center and its semisimple part G s is (locally) isomorphic to either SU(2, 1) or SO(4, 1); ii) the universal cover of M is isomorphic to the product O × R, where O is a coadjoint orbit of G s endowed with a G s -invariant strictly symplectic half-flat structure (ω, ψ), and the product O × R is endowed with the induced G 2 -structure ϕ = ω ∧ ds + ψ.
We recall that a transitive action of a Lie group G is called irreducible when no proper normal Lie subgroup of G acts transitively (see e.g. [20, p. 75 ] for terminology). Note that this assumption is not restrictive, as normal subgroups of reductive Lie groups are still reductive (see e.g. [1] ).
We emphasize the following consequence of the above Theorem. This work is structured as follows. In Section 2, we briefly review closed G 2 -structures and some related facts about their automorphisms. In Section 3, we prove our main Theorem 1.1. The proof involves several arguments from the theory of Lie algebras and their representations together with more geometric considerations.
Notation. Lie groups and their Lie algebras will be indicated by capital and gothic letters, respectively. If a Lie group G acts on a manifold M, for every X ∈ g we will denote by X the vector field on M induced by the one-parameter subgroup exp(tX).
The abbreviation e ijk··· for the wedge product of covectors e i ∧ e j ∧ e k ∧ · · · is used throughout the paper.
Preliminaries
A G 2 -structure on a seven-dimensional manifold M is characterized by the existence of a 3-form ϕ ∈ Ω 3 (M) which is definite, namely at each point
Such a 3-form ϕ gives rise to an orientation on M and to a unique Riemannian metric g ϕ for which |ϕ| 2 = 7. A G 2 -structure ϕ is said to be parallel if ∇ gϕ ϕ = 0, where ∇ gϕ denotes the Levi Civita connection of g ϕ . By [9] , this is equivalent to ϕ being both closed (dϕ = 0) and coclosed (d * ϕ ϕ = 0). It is well-known that the Riemannian metric induced by a parallel G 2 -structure is Ricci-flat. We focus on the case when the G 2 -structure ϕ is closed and non-parallel, namely dϕ = 0 and d * ϕ ϕ = 0, and we assume the existence of a connected Lie subgroup G ⊆ Aut(M, ϕ) acting transitively on M. Then, M is necessarily non-compact by [22, Cor. 2.2] , and we can write M = G/H, where the compact subgroup H ⊂ G is the isotropy subgroup at some fixed point p ∈ M. As M is not compact, we may suppose that it is simply connected and, therefore, that H is connected.
From now on, we assume that the group G is reductive, so that the Lie algebra g of G can be written as g = g s ⊕ z, where g s is the Lie algebra of the maximal semisimple connected subgroup G s of G and z is the center of g. The non-flatness of the given G 2 -structure implies that g is not abelian, i.e., g s is not trivial.
Since ideals of reductive Lie algebras are also reductive (see e.g. [1] ), we may also suppose that the G-action is irreducible. The following Lemma, which will be also useful in the sequel, gives further restrictions on the isotropy subgroup.
Lemma 2.1. Suppose that g = s 1 ⊕ s 2 for some non-trivial ideals s 1 , s 2 of g, and denote by p i : g → s i , i = 1, 2, the corresponding projections. Then,
In particular, the isotropy subgroup H is contained in the semisimple subgroup G s .
Proof. Assume that p 1 (h) = s 1 , and let S 2 be the connected Lie subgroup of G with Lie algebra s 2 . Then,
implies that S 2 has an open orbit in M, hence it is transitive on M (see e.g. [13, p. 178] ), contradicting the irreducibility of the G-action. To prove the claim on H, let us consider the projection pr : g → z along g s , and let us suppose that a := pr(h) = {0}. We then get a contradiction by putting s 1 := a and s 2 := g s ⊕ b, where b ⊆ z is a subspace with z = a ⊕ b.
Proof of the Main Theorem
In this section, we prove the Theorem 1.1. The proof is divided into three parts, according to g being simple, semisimple not simple, and not semisimple.
3.1. Case g simple. We start recalling that the isotropy representation at the point p ∈ M embeds H into G 2 . The following Lemma allows us to select the possible candidates for the pair (G, H). Lemma 3.1. A non-abelian proper subalgebra of g 2 has dimension 3, 4, 6, 8, and it is isomorphic to so(3), u(2), so(4) and su(3), respectively. Proof. It is well known (see e.g. [21] ) that maximal subalgebras of maximal rank in g 2 are given by su(3) or so(4), while so(3) appears as the only maximal subalgebra of rank one. Moreover, a maximal subalgebra of su(3) or so(4) is isomorphic to u(2) or so(3).
As dim(h) belongs to the set {0, 1, 2, 3, 4, 6, 8, 14}, we need to single out those real simple algebras whose dimensions belong to the set {7, 8, 9, 10, 11, 13, 15, 21}. We recall that a real simple Lie algebra is either a real form or the realification of a complex simple Lie algebra. A direct inspection of the list of complex simple Lie algebras shows that dim(g) ∈ {8, 10, 15, 21} and that g is the real form of one of the following complex simple Lie algebras sl(3, C), so(5, C), sl(4, C), so(7, C), sp(3, C).
When dim(g) = 21, we have h ∼ = g 2 . It is immediate to note that g 2 does not embed into sp(3, C), while the only real form of so(7, C) containing a copy of g 2 is the compact real form and therefore it is excluded.
When dim(g) = 15, i.e., g c = sl(4, C), we see that dim(h) = 8, hence h ∼ = su(3). This forces g = su(3, 1) with reductive decomposition g = h ⊕ n o ⊕ n, where n o ∼ = R and n ∼ = C 3 is the standard SU(3)-module. The h-invariant 3-forms on the tangent space T p M ∼ = n o ⊕ n lie in the modules n * o ⊗ (Λ 2 n * ) h and (Λ 3 n * ) h . We may select a basis {e 1 , . . . , e 6 } of n and a basis vector e 7 of n o with e 2i = [e 7 , e 2i−1 ], i = 1, 2, 3. Let {e 1 , . . . , e 6 , e 7 } be the corresponding dual basis of (n o ⊕ n) * . Then, the space (Λ 3 n * ) h is generated by the forms and the module n * o ⊗ (Λ 2 n * ) h is spanned by e 127 + e 347 + e 567 . Noting that [n, n] ⊆ h ⊕ n o , we see that for any closed invariant 3-form φ we have 0 = dφ(e 7 , e 1 , e 3 , e 5 ) = −φ(e 2 , e 3 , e 5 ) − φ(e 1 , e 4 , e 5 ) − φ(e 1 , e 3 , e 6 ), so that φ has no component along γ 2 . A similar argument shows that φ has no component along γ 1 . This implies that φ cannot be definite, and the case g c = sl(4, C) can be ruled out.
We are left with the cases g c = sl(3, C), so(5, C), with corresponding possible pairs (g, h) given in Table 1 . We discuss each possibility separately. As we will see, in all cases there are no invariant 3-forms that are both closed and definite.
Case n.1. We have a reductive decomposition sl(3, R) = h ⊕ m, where h ∼ = so(2). The tangent space m splits into the sum of four ad(h)-invariant submodules m ∼ = The space (Λ 3 m) h has dimension seven and it is generated by the forms γ 1 = e 123 , γ 2 = e 145 , γ 3 = e 167 , γ 4 = e 124 + e 135 , γ 5 = e 125 − e 134 , γ 6 = e 246 − e 257 − e 347 − e 356 , γ 7 = e 247 + e 256 + e 346 − e 357 .
The generic ad(h)-invariant 3-form is then given by φ = 7 i=1 a i γ i , with a i ∈ R. Using the Koszul formula, we see that dφ(e 3 , e 5 , e 6 , e 7 ) = −a 3 . On the other hand, we have
This shows that any closed invariant 3-form φ ∈ (Λ 3 m) h cannot be definite.
We consider a reductive decomposition g = h ⊕ m, and we observe that an ad(h)-irreducible decomposition of the tangent space . Now, in each case a) -c) we can determine the expression of the generic closed invariant 3-form on m as follows. First, we consider the generic invariant 3-form φ ∈ (Λ 3 m * ) h and we compute its exterior derivative dφ using the Koszul formula (and a software for symbolic computations, e.g. Maple, if needed). Then, we solve the linear equations in the coefficients of φ arising from the condition dφ = 0.
In case a), dim (Λ 3 m) h = 7 and the generic closed invariant 3-form is It is straightforward to check that none of these forms is definite.
Case n.3. We have the Cartan decomposition g = k + p, where k = so(3) + so (2) . Then, h = so(3) is the semisimple part of k and v := so(2) is the center of k. The ad(h)-module p splits as the sum p = n 1 ⊕ n 2 , where n 1 ∼ = n 2 ∼ = R 3 are equivalent modules. We may select a basis {e 1 , e 2 , e 3 } of n 1 and a basis vector e 7 of v in such a way that {e i+3 := [e i , e 7 ]} i=1,2,3 is a basis of n 2 . The space of ad(h)-invariant 3-forms on T p M ∼ = v ⊕ p decomposes into the sum of five one-dimensional submodules as follows
From this, we immediately see that a basis of invariant 3-forms is given by
Consequently, any closed invariant 3-form is not definite.
Case n.4. We consider the Lie algebra
and the ideals of so(4) ⊂ so(4, 1) given by
We select the following basis of p with the standard relations [e i , e j ] = 2ǫ ijk e k , for i, j, k ∈ {1, 2, 3}. Moreover, we consider the canonical basis of R 4 ∼ = n and we denote it by {e 4 , e 5 , e 6 , e 7 }.
The space of ad(h)-invariant 3-forms Λ 3 (p ⊕ n) h can be decomposed as
A basis of (Λ 2 n) h is given by Thus, if φ is closed, then a 1 = a 2 = a 6 = a 10 = 0 and φ is not definite.
Case n.5. We have the Cartan decomposition g = k+p, where k = so(4) and h ∼ = so(3) ⊂ k.
We can consider the ad(h)-invariant decomposition
The ad(h)-module p splits as p = n 2 ⊕ v, where v = RV for some V ∈ p satisfying the following properties [V, We then see that (Λ 3 m) h splits into the sum of the following one-dimensional submodules
and a basis of invariant 3-forms is given by 
The generic invariant 3-form
If φ is closed, then 0 = dφ(e 1 , e 2 , e 4 , e 5 ) = dφ(e 1 , e 3 , e 4 , e 6 ) = dφ(e 2 , e 3 , e 5 , e 6 ) = 2 a 5 .
Thus, no closed invariant 3-form on m can be definite.
3.2.
Case g semisimple not simple. We begin with the following. Proof. We first note that h embeds as a proper subalgebra of g 2 . Indeed, if h ∼ = g 2 , then the linear isotropy representation of h is irreducible and, consequently, the subalgebra h is maximal in g. As g is not simple, say g = s 1 ⊕ s 2 , and h is maximal, we see that h must project onto some factor s 1 or s 2 , contradicting our assumptions on the irreducibility of the G-action (cf. Lemma 2.1). Now, by Lemma 3.1 we have that dim(h) ≤ 8, whence dim(g) ≤ 15. The possible simple factors of g can be deduced from a direct inspection of the list of complex simple Lie algebras with dimension at most 15, together with the fact that g is not simple. From this, we see that dim(h) ≥ 2, as there are no semisimple real algebras of dimension 7 and a semisimple real Lie algebra of dimension 8 is simple. Noting that dim(h) = 3 is not possible as dim(g) = 10 implies that g is simple, we obtain our claim on the possible dimensions of h.
The previous Lemma allows us to describe all possibilities for the pair (g, h). They are listed in Table 2 . Table 2 . Possible pairs (g, h) when g is semisimple and not simple.
The following proposition rules out the cases n.2, n.4 and n.5 of Table 2 . We will deal with the remaining pairs separately. Table 2 correspond to homogeneous spaces with no invariant G 2 -structures.
Proof. In case n.2, the isotropy subgroup H embeds as a maximal torus in G 2 . Hence, the tangent space T p M contains three inequivalent real 2-dimensional H-modules. Now, as any abelian subspace of s 1 is one-dimensional, we see that h projects onto a non trivial compactly-embedded subalgebra l of s 2 . Up to an inner automorphism, we may suppose that l ⊂ u ∼ = su(2), where s 2 = u⊕iu is a Cartan decomposition. Hence, h ⊆ s 1 ⊕l = h⊕q, for some ad(h)-invariant submodule q. Considering an ad(h)-invariant decomposition u = l ⊕ n, we see that g = h ⊕ q ⊕ n ⊕ iu, showing that the isotropy representation of h contains n with multiplicity two, a contradiction.
In case n.4, the projection of h into s 1 is not surjective by Lemma 2.1 and, therefore, it is trivial. Thus, the linear isotropy representation has a fixed point set of dimension at least 3. On the other hand, the existence of an invariant G 2 -structure implies that h embeds into g 2 , and the fact that SO(4) ⊂ G 2 has trivial fixed point set in R 7 gives a contradiction.
In case n.5, the projection of h into any summand of g isomorphic to s 1 is trivial, and therefore the linear isotropy representation has a fixed point set of dimension at least 3. Again, the existence of an invariant G 2 -structure implies that h embeds into g 2 , and the fact that SU(3) ⊂ G 2 has a one-dimensional fixed point set in R 7 gives a contradiction.
In the following propositions, we consider the remaining cases n.1 and n.3. Proof. Let g = s 1 ⊕ s 2 ⊕ s 3 , where s j ∼ = s with s c = sl(2, C), and suppose there exists an invariant G 2 -structure. It then follows that the isotropy h can be realized as a maximal abelian subalgebra of g 2 . Hence, as an h-module we have
where V o is a one-dimensional trivial module, while V j ∼ = R 2 , j = 1, 2, 3, are mutually inequivalent irreducible submodules. This implies that each projection of h into the simple factors s j of g is not trivial, otherwise the isotropy representation would have a trivial module of dimension at least three.
If we select A := diag(i, −i) ∈ sl(2, C), we can suppose that
for suitable nonzero α j ∈ h * , j = 1, 2, 3, with α j = ±α k if j = k, and j α j = 0, as h embeds into su(3) ⊂ g 2 . We also fix p j ∼ = R 2 in s j , with s j = RA ⊕ p j being a Cartan decomposition. Now, if we set V := (A, A, A) ∈ g and v := RV , then g = h ⊕ v ⊕ 3 j=1 p j and the tangent space T p M identifies with m := v ⊕ 3 j=1 p j . Consequently, we have
We now fix a basis {e 1 , . . . , e 7 } of m with e 7 := V , e 1 , e 2 ∈ p 1 , e 3 , e 4 ∈ p 2 and e 5 , e 6 ∈ p 3 so that ad(V )| p j = 0 −2 2 0 , for j = 1, 2, 3. Then, with respect to the dual basis {e 1 , . . . , e 7 }, the forms γ 1 := e 127 , γ 2 := e 347 , γ 3 := e 567 , γ 4 := e 135 − e 146 − e 236 − e 245 , γ 5 := e 145 + e 136 + e 235 − e 246 , span the space of ad(h)-invariant 3-forms on m. Any such φ can be written as φ = Similarly, we get a 4 = 0. Therefore, φ ∈ Span(γ 1 , γ 2 , γ 3 ) and it cannot be definite. Proof. Suppose there exists an invariant closed G 2 -structure. We let h := h s ⊕ RZ, where h s ∼ = su(2) and Z generates the center of h, and we denote by pr j : g → s j , j = 1, 2, the projections onto the simple factors of g. By Lemma 2.1, we may suppose that pr 1 (h) = s 1 . We claim that pr 1 (h) = {0}. Indeed, if h ⊂ s 2 , then the fixed point set of the isotropy representation would be at least 3-dimensional, while H embeds as a maximal rank subgroup of G 2 , whence its fixed point set is at most one-dimensional. Therefore, pr 1 (h s ) = {0} and A := pr 1 (Z) = 0. We can also suppose that A = diag(i, −i) ∈ sl(2, C), with s 1 = RA ⊕ p a Cartan decomposition.
We now claim that pr 2 (Z) = 0. Indeed, otherwise Z = A ∈ s 1 would act trivially on a five-dimensional subspace of the tangent space T p M ∼ = g/h. The torus T 1 generated by Z embeds into G 2 , hence into SU(3) ⊂ G 2 up to conjugation. As any element of SU (3) has a fixed point set in C 3 of complex dimension at most one, we see that the fixed point set of T 1 in R 7 has real dimension at most three. This gives a contradiction.
The ideal s 2 is isomorphic to one of su (3), su(1, 2), sl(3, R), and we claim that the last possibility cannot occur. Indeed h s ∼ = so(3) ⊂ s 2 ∼ = sl(3, R) would have a trivial centralizer in s 2 , while pr 2 (Z) = 0. Therefore, we can suppose that h s = {diag(0, A) ∈ sl(3, C) | A ∈ su(2)} and B := pr 2 (Z) = diag(2ia, −ia − ia) ∈ sl(3, C), for some nonzero a ∈ R. Then, we can fix an ad(h)-invariant decomposition s 2 = (h s ⊕ RB) ⊕ n, and we may consider some nonzero V ∈ Span{A, B} so that g = h ⊕ v ⊕ p ⊕ n, v := RV, is an ad(h)-invariant decomposition of g and T p M can be identified with m := v ⊕ p ⊕ n. We choose V = diag(i, −i) ⊕ diag(2bi, −bi, −bi), b = 0, a. We let e 7 := V , and we select a basis {e 1 , . . . , e 4 } of n and a basis {e 5 , e 6 } of p so that
where ε, η = ±1 according to the Lie algebras s 1 , s 2 being of compact or non-compact type. We have the following ad(h)-invariant decomposition
A straightforward computation shows that In this case, the generic ad(h)-invariant 3-form φ can be written as φ = 4 j=1 c j γ j , for some c j ∈ R. If φ is closed, then 0 = dφ(e 7 , e 5 , e 1 , e 3 ) = −2 φ(e 1 , e 3 , e 6 ) − 3b φ(e 2 , e 3 , e 5 ) − 3b φ(e 1 , e 4 , e 5 ) = (6b − 2) c 4 , whence c 4 = 0, as b = a = 1 3 . Similarly, from dφ(e 1 , e 3 , e 6 , e 7 ) = 0, we obtain c 3 = 0. It then follows that φ is not definite.
3.3.
Case g not semisimple. In this last case, we have g = g s ⊕ z, with z non-trivial. We start noting that for every Z ∈ z the 2-form ω Z := ι Z ϕ is G-invariant and closed, as
As g s is semisimple, it satisfies g s = [g s , g s ]. Therefore
Let G s denote the connected Lie subgroup of G with Lie algebra g s . The G s -orbit O := G s · p ∼ = G s /H is a proper submanifold of M, and we may select a nonzero Z ∈ z so that Z p ∈ T p O. We claim that the pull-back of ω Z to O is an invariant symplectic form.
Indeed, if X ∈ g s satisfies ω Z X p , Y p = 0 for all Y ∈ g s , then from (3.1) we see that X p must lie in the kernel of ω Z | p . Thus, X p must be a multiple of Z p , hence zero. Therefore, dim O ∈ {2, 4, 6}. Proof. We first prove that dim O ≥ 4. Letẑ| p := V p ∈ T p M | V ∈ z . If dim O = 2, then we have dimẑ| p = 5. Given a nonzero X ∈ g s , by (3.1) we know that ι X ϕ(V 1 , V 2 ) = 0 for all V 1 , V 2 ∈ẑ| p . Now ι X ϕ is non-degenerate on U := Span{ X p } ⊥ and it vanishes on the subspace U ∩ẑ p , which has dimension at least 4, a contradiction.
Suppose now that dim O = 4. Then, dim g s ≥ 4 and, therefore, rk(g c s ) ≥ 2. Since h ⊂ g s and O is symplectic, a maximal abelian subalgebra of h has dimension rk(g c s ) ≥ 2. It follows that there exists a 2-torus T 2 in H whose fixed point set in T p M has dimension 3. On the other hand, T 2 embeds as a maximal torus of G 2 , which has a one-dimensional fixed point set in R 7 , a contradiction.
Since the G-action is irreducible and dim O = 6, we necessarily have dim(z) = 1, so that z = Span {Z}. We claim that Z p belongs to the orthogonal complement of T p O in T p M with respect to the invariant Riemannian metric g ϕ . Indeed, we may consider an ad(h)-invariant decomposition g s = h ⊕ m, where m ∼ = T p O. As O has an invariant symplectic form, we have m H = {0}. This implies that the orthogonal projection of Z p on T p O, being invariant under ad(h), is trivial.
Let ψ denote the closed G s -invariant 3-form on O obtained by pulling back the invariant closed G 2 -structure ϕ on M. To conclude the proof of the main theorem, we need to show that the pair (ω Z , ψ) defines a G s -invariant SU(3)-structure on the six-dimensional homogeneous space O = G s /H. Since both ω Z and ψ are closed and ϕ is not parallel, the SU(3)-structure will be strictly symplectic half-flat, namely d * ψ = 0, where * is the Hodge operator relative to the metric induced by (ω Z , ψ). Now, identifying the invariant closed G 2 -structure ϕ on M with the corresponding ad(h)-invariant definite 3-form ϕ on m ⊕ ⊥ z ∼ = T p M, we see that ϕ = ω Z ∧ η + ψ, where η ∈ z * is dual to Z. Since ϕ is definite, the pair of ad(h)-invariant forms (ω Z , ψ) on m defines an SU(3)-structure.
Summing up, the orbit O = G s · p is a non-compact G s -homogeneous six-dimensional manifold endowed with an invariant strictly symplectic half-flat SU(3)-structure. By the classification result [23, Thm. 5.1], we have that the pair (G s , H) is (locally) isomorphic to either (SO(4, 1), U(2)) or (SU(2, 1), T 2 ). We recall that the classification of all invariant strictly symplectic half-flat SU(3)-structures on these homogeneous spaces is also given in [23, Thm. 5.1].
